Let F be a contraction on L2 of a rr-finite measure space (X, &', p). An(T) is the operator (1/«)(F0+-• -+ Tn). Iff is a function in L2, let <S(F)/be the function supn>0|^"(F)/|.
One of the unresolved problems of ergodic theory is whether An(T)f converges almost everywhere for each / in L2. It is known that the result would be implied by the dominated ergodic theorem; i.e., the existence of a constant K such that for all feL* (1) \\S(T)f\\^K\\f\\. We also prove a result about individual contractions which may be of interest should the general conjecture prove to be false. Given an operator U, call V a decomposition of U iff V is of the form 2»=i PnAn{U)t where P" are mutually orthogonal projections. Let F be a contraction on L2 and U a unitary dilation of F acting on a space 7/2 L2. We prove that if all decompositions of U are bounded operators on H then SiT)fe L2 for each/e L2, and hence ^"(F)/converges almost everywhere.
Theorem 1. Assume that, whatever be the space L2, SiU)fe L2 for each unitary operator U on L2 and each function fe L2. Then there exists a constant K such that (1) holds for each contraction T on L2 and each fe L2.
Proof.
We first observe that there is a constant K such that 
which implies (4) 2 lE An(U)f^S(U)f a.e., oo 2 !* A*W) = K, where in (4) lE are projection operators corresponding to the multiplication by 1E , and K is the constant appearing in (2). Next observe that (4) may be generalized to
where U is a unitary operator on an arbitrary Hubert space H, (F") is any sequence of mutually orthogonal projections on H, and K is again the constant in (2). This follows from the fact that given H and (FJ, there exists L2iX, J2*", p) isometrically isomorphic to H and such that under the isomorphism, Pn becomes lE . Now let F be any contraction on L2 of an arbitrary measure space iX, Jr, p). Then (6) GO 2 lB An(T) < K for any sequence of disjoint sets En in Jr, where K is as before. To prove (6) , apply the dilation theorem of Sz.-Nagy (cf. [6] or [3] ; dilations in [6] are power dilations in the terminology of [3] ) : there exists a Hubert space H, a projection P, and a unitary operator U on H such that PH= L2iX, &, p) and Tn=PUn for n= 1, 2, • • •. Then AniT)=PAniU), hence lEnAniT)=lEnPA"iU). Pn = lEnP form a set of mutually orthogonal projections, and therefore (6) follows from (5) . Finally, to conclude the proof of the theorem, note that given F and/there exist mutually disjoint sets Ex, E2, ■ ■ ■ such that S(F)/=|2»=i ^E"An(T)f\-Hence (cf. [6] ).
We finally note that sequences of successive Cesàro averages of powers of operators in Theorems 1 and 2 may be replaced by sequences of any linear combinations of powers; the proofs remain the same.
Added in proof.
Professor D. L. Burkholder has pointed out to us that a result of his, a consequence of his theory of semi-Gaussian spaces (Theorem 2, p. 128, Trans. Amer. Math. Soc. 104 (1962) , implies that the dominated ergodic theorem fails for contractions on L2. Combining this with the results of the present paper, one obtains that the answer to the question about unitary operators raised in the introduction is negative: There exists a unitary operator on L2 for which the dominated ergodic theorem fails.
